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The need to preserve both long-term and short-term variance and covariance properties of
hydrologic processes has led to the development of numerous stochastic models during the
past few years. Among these are the models first proposed by Mandelbrot and Wallis for pre-
serving the Hurst phenomenon. All these models use sequential generation schemes, and some
require the process to be stationary without seasonal variations, The model presented herein
preserves seasonal variations and does not necessarily generate data sequentially, although
the autoregressive models of any order are special cases of this model. If an annual series has
been generated by this or any other model, this model may be used to generate a parallel
series of seasonal events from the given series of annual events. It may further be used to
generate monthly, weekly, daily, and hourly events.

A technique has been developed for generat-
ing multiple hydrologic time series in which
both long-term and short-term variance and
covariance properties, including seasonal varia-
tions, are preserved. The technique combines
any of the presently used models for sequen-
tially generating annual events with a dis-
aggregation model for generating seasonal,
monthly, weekly, or daily events within the
vear. )

One of two main contributions of this model
is to permit the use of fractional noise ap-
proximation models such as those proposed
by Mandelbrot and Wallis [1968, 1969a, b, c]
or by Mejia et al. [1972] and Rodriguez-Iturbe
et al. [1972] for a range of water resource
problems that is wider than the range of pres-
ent models. The model is the general case of
the multivariate model proposed by Matalas
[1967], and because of this the second con-
tribution is that certain sufficient conditions for
parameter estimation in the proposed model
also apply to the Matalas model.

Models of autoregressive processes have been
used in the past to simulate annual, seasonal,
and even monthly events associated with
hydrologic variables. These models are ade-
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quate in many applications but may not be
appropriate in many others. For instance, when
sequences corresponding to a certain level of
aggregation are generated with autoregressive
models, relevant statistics of higher levels of
aggregation are not necessarily preserved; i.e.,
the important long-term effects at the annual
level could easily be lost in a monthly sequential
model.

In response to the need for a model that
could preserve important long-term covariance
properties, Mandelbrot introduced the concept
of fractional noise and applied it to the genera-
tion of annual time series. Originally developed
for the univariate case, the approach has been
extended by Matalas and Wallis [1971] to
multiple time series. A difficulty with the frac-
tional noise models is that they apply only to
stationary processes such as annual series and
thus cannot be adapted to the seasonally vary-
ing processes oceurring within the year.

The disaggregation scheme proposed in this
work maintains relevant statisties at all levels
of aggregation owing to the fact that the gen-
eral model preserves all linear relationships be-
tween variables at successive levels of aggrega-
tion, as will be shown below.

MobpEL

The disaggregation model takes the simple
mathematical form
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Y= AX 4+ W (1)
where ¥V is an (n X 1) vector of correlated
random variables, X is an (m X 1) vector of
correlated random variables, 4 is an (n X m)
coefficient matrix, and W is an (n X 1) vector
of correlated random variables and is inde-
pendent of X. It is assumed that all random
variables have been transformed to have zero
mean. It also is convenient but not absolutely
necessary to assume that the appropriate data
transformations have been made to render the
data Gaussian. It will be shown that the model
preserves first- and second-order moment prop-
erties regardless of the types of underlying
probability distributions.

In any particular application it is first
necessary to define X and Y, and then it is
necessary to use historical data to estimate A
and the statistical properties of W. Parameter
estimation techniques have been developed to-
gether with necessary and sufficient conditions
for their application with historical data.

Disaggregation model for streamflow genera-
tion. A typical application of this model would
be to generate a series of seasonal streamflow
volumes from a given series of annual stream-
flow volumes. In this case let the vector X be
a vector of annual streamflow volumes at m
different sites.

X=]-: (2)

xm
Let the vector ¥ be a vector of seasonal
volumes. Veetor Y is an n X 1 vector, where
n = 4m if there are four seasons.

y’n = 3’)1
Yie = Ya
¥ = ®
Y2¢ = Ys
LYma = Yn
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Contrary to conventional matrix notation, the
elements of the veetor ¥ are shown in (3)
with both single and double subseript notation.
There being no real ambiguity in this case, the
double subscript notation has been introduced
to emphasize the ordering of the elements in ¥
and to note their correspondence with the
proper seasons and sites. The element y,; de-
notes the streamflow volume at site ¢ during
season j. Taken together, the y; in a ¥ vector
represent the seasonal runoff volumes at m
sites for a particular year.

Certain subsets of the y,, bear a simple rela-
tion to the x,. Specifically,

xr, = Z Yii (4)

i=1

or, in general,

X=CY (5)
where
1111 0000 0000
C = 0000 1111 0000 6)
0000 0000 1111

Disaggregation of annual streamflow data.
The strategy for using the model would first
be to generate values of X for a number of
years by using a fractional noise or autore-
gressive model. Then, given the generated value
of X for a particular year, the proposed model
would be used to generate Y.

Since historically the relation between X and
Y given by (5) was always maintained, it is
important that this relation be maintained in
the generated data. In other words, the sum
of the four generated seasonal volumes at any
site should be exactly equal to the given annual
volume. It is shown below that this important
relationship is maintained.

In this example the value of each seasonal
runoff volume at a particular site is computed
as the sum of terms AX depending on the
annual runoff volumes at the different sites
plus a random component W, The random
components may be generated by the relation

W = BV (7

where V is a vector of independently distributed
standard normal deviates and B is a coeflicient
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matrix selected to preserve the proper co-
variance structure of W.

MaTtavas’ MuLTIVARIATE MODEL AS A
SpeciaL CAse

It should be interesting to note that one
special application of the model leads to
Matalas’ multivariate autoregressive model.
For that special case let X be a vector of
monthly values for month ¢:

X = QI (8)

Then let ¥ be a vector of monthly values in
month ¢ + 1:

Y= Ql+l (9)

so that the model becomes

Qi1 = AQ, + BV,
which was introduced by Matalas [1967].

(10)

PARAMETER EsTIMATION

The parameter estimation problem is to use
historical data to estimate numerical values of
A and B so that the generated values of ¥ re-
semble the historical values of ¥ according to
an appropriate resemblance criterion. Widely
used is the ecriterion that expected means,
variances, and covariances of the generated
data are equal to the historical means, vari-
ances, and covariances. To apply this criterion,
it is first necessary to derive expressions for
the generated means, variances, and covariances
in terms of the parameters 4 and B.

Expected value of the generated sample
mean. Taking expected values of both sides
of (1) leads to

E[Y] = AE[X] 4+ E[W] (11)

Since W is a vector of zero mean random
deviates and if E[X] = 0 (recall that X is
given), it follows that

E[Y] = A0+ 0=0 (12)

Correspondingly, the first step in deriving
parameter estimates is to adjust the sample
values of X and ¥ to have zero sample means.

Ezxpected value of the generated sample vari-
ances and convariances. Before the second-mo-
ment properties are analyzed, let
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Sxx = E[XX"]
Sxy = E[XYT
XY { ] (13)
Syx = E[YX")
Syy = E[YYT]
It may be shown that
E[YXT] = AE[XXT) (14)
so that
A= Sn'Sxx_! (15)
It may further be shown that
E[YY"] = AE[XX"]AT + E[WW"] (16)
or
Sww = Srr g SYXSXX_ISXY (17)
Now, if W satisfies (7),
Sww = BSyyB" = BB" (18)
so that
BBT = Syy - SYXSXX_ISXY (19)

Parameter estimators. At this point it is
possible to state that the model can preserve
the first- and second-moment relationships of
Y and X.

If A is chosen according to

.g = Syxgxx—l (20)

and B so that
BB']" s gYF - SYXSIX_ISXY (21)
the first- and second-moment resemblance

criteria will be satisfied regardless of the under-
lying multivariate distributions of X, ¥, and
W. Therefore these properties of the model_are
distribution free.

A necessary and sufficient condition to estimate
B is that BBT must be positive semidefinite.

BBT is positive semidefinite. If R is a real
matrix, the matrix

G = R'R (22)

is called the Gram matrix of R. It is known in
matrix theory that Gramian matrices are positive
semidefinite and have the same rank as the real
matrix from which they are derived. Moreover,
every positive semidefinite matrix is the Gram
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matrix of some real matrix. The application of
this theory to the case of BAT is as follows.

Assume that r obeervations of the vectors X
and ¥ exist, denote each observation by X,, ¥,
and assume that the elements of X, and Y,
have zero means over the r observations. Form
the matrices

X=X, -, X, -, X] (20
and
Y= [V, , Y, , 7] (29
The sample covariance matrices are
Sxx = (1/nEXT
Srr - (lfr}x’!'f (25)
Brx = (1/0YK"
Spy = (1YY"
Estimating according to (20) that
A= Srr-g.t.r-l (20)
permits the definition
W=v- ix (26)

which is the matrix of apparent ‘error’ compo-
nents in the historical sample function.
The matrix

Suw = (1/HWWT (27

is proportional to the Gram matrix of W and is
therefore positive semidefinite.
Bubstituting (26) into (27) gives

Bww = (/¥ — AXNY — AX)"  (28)
which after substituting (20) reduces to
SWI‘F - EY}' _— -E}'A”g..\'#_l'gxl' (2{‘]}
Therefore it follows from (21) that
Sww = BBT {3“]

Bince Spw i2 o Cram matrix, (30} shows that
BBT is positive semidefinite whenever the
sample covariance matrices are computed ac-
cording to (25).

In the derivation of the proof that BBT is
positive semidefinite the condition was imposed
on X and Y that there be r observations of both
X and ¥. This condition implies that missing
elements of X and ¥ must be synthesized by an
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appropriate augmentation procedure, or else
any incomplete vector must be deleted from both
Xand Y.

Tn the application of the model to a single-
geason multivariate autoregressive process there
are at least two ways to define X and Y leading
to & positive semidefinite estimate for BBT,
Suppose there are N observations of @, { = 1,
sa+ , N. The first strategy iz to let r = N — 1;
assign the first r values of @, to X, and assign
the last # values to Y, In this case separate means
for the first r and last r values of @, must be
computed to satisfy the eondition that the rows
of X and ¥ have zero means. The second strategy
is similar to the first except an additional column
is added to X and to ¥ by appending Qy to X
and @, to Y, this addition leading to a so-called
eireular definition of the ecovariance matrix
Syx. This eliminates the need to compute
separate means for X and Y.

Preseavation oF X = CF

Historical annual values are equal to the
sum (or average) of seasonal values, and this
fact may be stated mathematically as X = CY
{equation 5). Tet ¥, be generated by (1) for
a given veetor X,. It will now be shown that

X, =CY, {31]

exactly.
Before proceeding, note in the historical ob-
servations that

X = CY (32)
%0 that
Byx = ByrC” (33)
Syy = C8yy (34)
Brx = CBpC” (35)
1t follows that
A = 8. CT(C8er )" (36)

and that

BBT = Syr — Srrcr(cgrrc')-lcs)—r (3?}
Premultiplying (36) by C gives

CA=1 {(38)
whereas premultiplying (37) by C gives
CBE™ =0 (39)
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This implies that
CB =0 (40)

since, in general, ¢ % 0, B % 0, and BBT 5 (.
Now the model as it is applied to generate Y, is

Y, = AX;-'—BV, (41)
Premultiplying by € gives
CY, = CAX, + CBV, (42)

which on substituting (38) and (40) gives
CY, = X, (equation 31) exactly!

ArprricaTiON oF MoODEL

One important application of the model would
be to generate, for instance, monthly data by
disaggregating annual data generated by a
fractional noise process. Theoretically, it would
be possible to let X be the vector of annual values
at the m sites and Y the vector of monthly
values, In this case, ¥ would be a (12m X 1)
vector, A would be a (12m X m) matrix, B would
be a (12m X 12m) matrix, and V would be a
(12m X 1) vector. The storage requirements in
principle for A and B could be as large as
12m X 13m, or 62,400, locations if m were
equal to 20 sites. In practice, this value can be
reduced considerably by noting that the rank of B
is the same as the rank of BBT. The rank of BAT
cannot exceed N — 1, where N is the number
of years of data; i.e., only the first N — 1 columns
of B need to be retained, and the remaining
columns will be 0 (when B is computed by the
principal component technique). Thus the real
storage requirements would be 12m(N + m — 1),
or 10,560, locations when N = 25 years.

Although the final storage requirements for B
can be reduced, the full amount of space is
needed to carry out the calculation of BBT
and subsequently the caleulation of B. To reduce
the calculation space requirements, one approach
would be first to generate seasonal values from
the annual values and then to repeat the process
on a season by season basis to generate monthly
values in a second disaggregation step.

This approach has actually been used by
Schaake et al. [1972] in the generation of rain-
fall data for the island of Puerto Rico. It has
been used also by Valencia and Schaake [1972]
to generate streamflow data for the Colorado
River in Argentina. In another case a dis-
aggregation model was used by Roberts [1971]
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to simulate hourly water demands by dis-
aggregating daily demands. In one final ap-
plication of the disaggregation model, quarter-
monthly volumes for the upper Colorado River
in Colorado were generated from monthly
volumes by first expressing the quarter-monthly
volumes as proportions of the monthly volumes.
Then quarter-monthly proportions are gen-
erated by

P, =P + W, (43)
(the quarter-monthly proportions add up to 1
at each site), and the volumes are generated by

Y, = P Q. (44)

SuMMARY

A model for generating time series data by
means of a so-called disaggregation process is
presented together with parameter estimation
procedures for assuring a resemblance between
generated and historical series. Necessary and
sufficient conditions on the existence of the
parameter values are also presented.

It is noted that the linear relation X = CV
between historical data at successive levels of
aggregation will be preserved exactly by the
disaggregation model. In other words, generated
seasonal volumes for any site always add up
to the given annual volume without external
intervention.

The model has been used for rainfall genera-
tion in Puerto Rico, for streamflow generation
in Argentina and the United States, and for
generation of hourly water demands in the
Boston water distribution system.

Throughout the paper, notes on the com-
putational aspects of implementing the model
are emphasized.
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